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Introduction 

Consider a smooth foliation on a connected closed manifold X. The leaf- 
wise cohomology of JF is the cohomology of the de Rham complex of smooth 
forms along the leaves. Even its maximal Hausdorff quotient, the reduced 
leafwise cohomology ff^(X), is a quite subtle invariant of the foliation. In 
particular it can be infinite dimensional even in degree one. 

For general foliations there does not seem to be a good structure theory for 
H'j:{X). For Riemannian foliations, the situation is different however. This 
is mainly due to the smooth Hodge decomposition theorem of Alvarez Lopez 
and Kordyukov [|T|. This theorem expresses H'j:[X) as the space of smooth 
global forms on X along T whose restrictions to the leaves are harmonic. 

Given such a Hodge theorem it is a very natural question whether Hodge- 
Kahler-Lefschetz theory can be generalized to Riemannian T if the leaves 
are Kahler manifolds. Of course the Kahler structures should vary smoothly 
in the transverse direction. In this paper we show that this program can 
be carried through. In fact it can be done quite easily and the first four 
sections essentially just formulate the resulting assertions, the proofs be- 
ing mostly consequences of the classical Kahler-Lefschetz identities on non- 
compact Kahler manifolds. The results are the same as the usual ones except 
that our Hodge structures can be infinite dimensional. 
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As in the classical case the existence of a Kahler structure on a Riemannian 
foliation imposes a number of restrictions on the structure of H^{X), in 
particular those implied by the hard Lefschetz theorem. 

Incidentally the classical case is contained in the foliation formalism by taking 
for JF the foliation which consists of the leaf X only. In this case H^{X) 
becomes the ordinary cohomology of X with real coefficients. 

As an application of the Kahler formalism we transfer to H^{X) a result 
of Serre which establishes an analogue of the Weil conjectures for certain 



induced "Frobenius"-maps on cohomology, see 



In 1^ Looijenga and Lunts attach a Lie algebra to each compact Kahler 
manifold using the Hodge-Kahler-Lefschetz formalism. We extend their con- 
struction to Kahler-Riemann foliations. In this way one obtains a possibly 
infinite dimensional Lie algebra attached to a Kahler-Riemann foliation. In 



proposition we determine its structure in the case where JF is a foliation 



by complex surfaces with a dense leaf. 

Finally in section ^we discuss a class of examples suggested to us by E. Ghys. 
They are the foliations obtained by projecting the foliations Si x {pt} and 
{pt} X 5*2 to the quotient X = F \ {Si x 5*2). Here Si = Gj/Kj is a bounded 
symmetric domain for i = 1,2 and the cocompact lattice F C Gi x G2 is 
supposed to act without fixed points on 5*1 x 5*2. The case of an irreducible 
lattice is particularly interesting because then the leaves are dense. 

For these and more general Kahler-Riemann foliations we express the re- 
duced leafwise cohomology in representation theoretic terms using (g, K)- 
cohomology. The final result gives a description of the Hodge {p, g)-decompo- 
sition of H^{X) in these terms. The cohomology H^{X) in these examples 
is quite interesting and deserves further study. 

In the article we have chosen to work with trivial coefficients only. More 
generally one may consider a Riemannian vector bundle V with a Riemannian 
fiat connection along JF. Using \^-valued forms along one defines a version 
of reduced leafwise cohomology with coefficients in V. All our results transfer 
to this setting. This is of interest for a possible generalization of the theory to 
variations of (polarizable) Hodge structures coming from foliated morphisms. 

Although it is not apparent, the original motivation for our paper arose 
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from the number theoretical considerations in § 3 together with the later 
observation that the cohomology in question should be analogous to reduced 
leafwise cohomology P §4. 

We would like to thank Don Blasius for discussions about {g, /C)-cohomology 
and E. Ghys for a letter pointing out the examples in section ^. 

1 Complex structures on foliations 

Let be a smooth foliation of the manifold X. By TjF we denote the 
subbundle of the tangent bundle TX whose fibers T^-JF are the tangent spaces 
of the leaves and by T*JF the dual bundle of TjF. Let 

^^(X) ■.= T{X,A'T*J^(g)u C) 

be the space of complex valued r-forms along the leaves. 

If the dimension of the leaves is even, we define an almost complex structure 
on JF to be a smooth complex structure J on TjF. That is, J is a smooth real 
vector bundle automorphism of TjF with = —id. Given such an almost 
complex structure, TJF becomes a complex vector bundle which we denote 
by T^JF. The bundle T*!F C, whose fiber over x is the space of M-linear 
maps TxJ-" — > C then decomposes as 

where the fiber T^'^JF consists of the C-linear maps T^JF —>■ C and T°'^JF of 
the anti-linear ones. This leads to a decomposition of exterior algebras 

We obtain, with the notation 

A^'/iX) := r(X,APTi'°J^(g) AT^'ij^) , 

a bigrading 

^'AX) = ^A'/{X). 
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An almost complex structure J on J-" defines, for each leaf i, by restriction 
an almost complex structure Ji : Ti ^ Ti on the manifold i. We have 
correspondingly a bigrading 

of complex valued differential forms on i. The following fact is obvious: 

1.1 An element a G Ajr{X) belongs to A^'^{X) if and only if the restrictions 
a I i belong to A^''^{i) for all leaves i. 

If all the Ji are integrable (which is the case if and only if all the leaves are 
complex manifolds) we say that J is a complex structure on JF. 

The exterior derivative along the leaves, 
has the property that 

{djra) I i = di{a \ I) 
where de is the exterior derivative on the manifold i. 

Hence we conclude from |1 . 1| : 

1.2 If J is a complex structure on JF, we obtain a decomposition 

where djr has bidegree (1,0) and djr has bidegree (0,1). With the obvious 
notations, we have 

{d^a)\e = de{a\e), 
{d^a)\e = de{a\e). 
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1.3 Assume that dimX = a. A 25f-dimensional foliation T together with a 
complex structure can be described equivalently as follows. It is given by a 
maximal atlas of charts: 

: f/ ^ 1/ X with f/ C X, C C M°"^5 all open 

such that the coordinate changes take the form: 

Here g\ and g2 are C°° and for every w the function z ^ gi{z, w) is holomor- 
phic. 



It is clear that such an atlas determines a foliation with a complex structure. 
The converse follows from the Newlander-Nirenberg theorem with parame- 



ters stated on p. 404 of [jTO|. 



1.4 For a smooth foliation JF let C^r denote the sheaf of germs of smooth 
complex valued functions which are locally constant on the leaves. Let Ajr 
denote the sheaf of smooth sections of A'"T*JF C. The primitive in a star 
shaped domain constructed in the standard proof of the Poincare Lemma 
depends smoothly on parameters. There follows the well known fact that 

^ ^ ^ . . . 

is a fine resolution of Cj^. In particular we get an isomorphism 

H^{X,C^) = H^{A'AX),d:r) . 

The cohomology is called the leafwise cohomology of JF. Its maximal Hausdorff- 
quotient with respect to the natural Frechet topologies on the A^-f{X)'s is 
called the reduced leafwise cohomology of with complex coefficients: 

H'AX,C) := H^{X,CA = H''{A'AX),dA . 

Using real valued forms, one defines in the same way the reduced leafwise 
cohomology H^X) of JF with real coefficients. 

If JF carries a complex structure, let denote the sheaf of germs of smooth 
complex valued p-forms along the leaves which are holomorphic on the leaves. 
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Let JiF-p denote the sheaf of smooth sections of A^'T^'^JF® A'^T^'^JF. Using L3 
a close inspection of the proof of the 9-Poincare Lemma in p. 25 shows 
that the primitive constructed there depends smoothly on parameters. If 
follows that 

n , OP , /IP'O /IP'^ , 

is a fine resolution of Q^. Hence there are natural isomorphisms 

H\X,n^^) = H'^{A^^-{X),d:p) . 

The reduced versions of these leafwise Dolbeault cohomology groups are again 
defined by passing to the maximal Hausdorff-quotient: 



2 Kahler foliations 

We consider a 2(yf-dimensional foliation J-" on X with a complex structure on 
JF. Let h be an Hermitian metric on the bundle T'^J-'. Generalizing the usual 
notation, we write 

h = S — 2iujjr 

with real forms S and cujr. Then 5* is a Riemannian metric on the bundle 
TJF, and ujr g A^-^{X). The leafwise ^-operator 

*^ : A^/iX) — ^ ^^-^'^-^(X) 

is the pointwise operator defined by | £ = *t{a \ i) where *£ is the *- 

operator on the manifold £ endowed with the Riemannian metric obtained 
by restricting S and with the orientation coming from the complex structure. 
We introduce the first order differential operators 

d*p := — *jr dyr*jr , 
d*jr := -*jrdjr*jr, 
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Then (d'^a) \ i = d^{a \ i) for each leaf £, where is the formal adjoint of dg, 
and similarly for the other operators (cf. [jl4|, Ch. V, Prop. 2.3, Prop. 2.4 
and a footnote on p. 191). 



We form the Laplacians 



dyrd"^ + d'^djr , 



Finally, we define the operators Ljr and L*jr on A'jr{X) by 



Observe that L jr and are pointwise operators and that is the pointwise 
adjoint of Ljr. 

A form a G A'jr{X) is called harmonic if Ajc-(q;) = and primitive if L*p{(y) = 
0. 

Definition A foliation JF is called a Kdhler foliation if it is endowed with a 
complex structure J and an Hermitian metric h = S — 2iujjr on T'^JF such 
that 

djrUjr = . 

The leaves of a Kahler foliation are Kahler manifolds, and it is clear that the 



Kahler identities (|T1, Ch. II, Sections 5 and 6, or 0, Ch. V, p. 191-195) 
hold in the foliated context. In particular, 

= 20^ = 20^ 

is a real operator of bidegree (0, 0) which commutes with Ljr and L^r. Denote 
by H'^iX) [resp. n^/{X)] the harmonic forms in ^^(X) [resp. A^/iX)] 
and by T-C'^jr{X)Q [resp. ?i^'^(X)o] the primitive elements in H^jr{X) [resp. 
7Y^'^(X)]. Then as topological vector spaces: 



n^'/ix) = n'/{x) = nf'''-p{x) 



From the Lefschetz decomposition theorem ([0, Th. 3 on p. 26 or |T^, Th. 
3.12 on p. 182) we obtain: 
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2.1 For a Kahler foliation T of dimension 2(yf, we have 



s>max(r— (;,0) 



and, more precisely, 



Wo) . 



s>max(p+g— 9,0) 



Since L^f is injective on ^^(X) for r < ^ (0, Th. 3.12.c) on p. 182), |2l| 
yields the following version of the hard Lefschetz theorem: 

2.2 Let be a Kahler foliation on X of dimension 2g. Then 



is an isomorphism for r < g. 

3 Kahler foliations on closed manifolds 

3.1 From now on, we consider foliations on closed manifolds. To fix some 
notations, we consider for the moment an arbitrary oriented and transversally 
oriented foliation JF on the closed Riemannian manifold X. We then have 
star operators *jr and *± on the subbundles AT*JF and A(TJF)^* of AT*X. 
On the manifold X we take the orientation for which the volume form is 
given by 

vol = *±(1) A . 
We get a scalar product on ^^(X) = r(X, A'T*J' ® C) by 



Here * is the star operator of X which is equal to *^ ® *jF up to a sign. This 
sign is computed in [|l|. Lemma 3.2, and is such that 



g-r . 



7^>(x) 



nT'{x) 
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3.2 Now we specialize the situation of ^]T]by taking JF to be a Kahler foliation 
on the closed orientable manifold T . Let us retain the notations of section 
^ We can extend the Riemannian metric 5* on TT to a Riemannian metric 



on TX and choose an orientation for TT . The last equation in |3.1j shows 
that 



p+g=r 

is an orthogonal decomposition. 



3.3 As in the non-foliated context, we consider a variant Q of the scalar 
product ( , ) on harmonic forms, as follows: 

Given C,,ri E H^yr{X), write C, = J2s^t^s and t] = J2s^hVs with primitive 
forms C,s , Tjs according to O] and define 



Obviously, we have 

Q{^,v) = {-iyQ{v,0- 

Denote by J the automorphism of A'jr{X) which is multiplication by i^"'' on 
A^^'^{X). The proof of |T^, Ch. V, Th. 6.1 shows that there are positive 
constants such that 



s 

In particular, we have Q{C, JC) > for ^ 7^ 0. 
Moreover, Q{J^, Jrj) = Q{C,,ri). 



Vs 



3.4 As before, let be a Kahler foliation of complex dimension g on the 
closed manifold X; we assume now that g is even. The bilinear form 

I{a,f3) = / a A/3 
Jx 
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on lH3p[X) is symmetric and real. Assume that dim?i^(X) < oo. We denote 
the signature of / by sign JF and call it the signature of JF. By |2.2| , Ti^^^'^ is 
then finite dimensional, and the argument on p. 76-77 of ||13[ shows that we 
have the following version of the Hodge index theorem: 

sign(^) = ^ {-ly dimT-ef:\X) . 

P=9(2) 

4 Kahler— Riemann foliations 

So far, cohomology has not entered our discussion. To have a Kahler theory 
on the cohomology of a foliation, we have to restrict our foliations further: 
Let {X, J-') be any foliation. Recall that a Riemannian metric on X is called 
bundle-like for JF, if the normal plane field of JF is totally geodesic. Equiva- 
lently, the metric is bundle-like if for each pair of normal vector fields Y and 
Z which are infinitesimal automorphisms of J-' and for each tangential vector 
field W we have W{Y, Z) = 0. A foliation which admits a bundle- like metric 
is called Riemannian. 

Given an oriented and transversally oriented foliation JF on the closed man- 
ifold X and a bundle-like metric for JF, our leafwise adjoint d"^ is the formal 
adjoint of the operator djr on X ([Q, Section 3), and a fundamental result of 
Ijl]] says that there is an orthogonal Hodge decomposition 

(1) = 7i:>(x)©h^©E^. 

Here, the bar denotes closure in the Frechet space A'jr{X). In particular, the 
reduced leafwise complex cohomology 

H^{X,C) = kei djr/imdjr 

is isomorphic to T-C'-p{X). This Hodge decomposition does not hold in general 
for non- Riemannian foliations 0. 

Remark Denoting the dimension of JF by m, we get a linear form u on 
r(X,A™T*J^) by 

zy(u;) := / *^(1) Auj= {u, *^(1)) . 
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Since d*jr is the formal adjoint of djr^ we see that v{djrj3) = 0; hence u in- 
duces a (continuous) hnear form on H^{X), the leafwise real m-dimensional 
cohomology group. This functional in turn induces a linear form 

u : H^{X) — y R 

on the corresponding reduced group. We get a scalar product on every 
HjriX) by setting: 

(a, 6) = iy{aU*yrb) 

{n{a),n{b))^Yo\. 

X 

Here T-C{a),T-C{b) are the harmonic representatives of a and b and *jra := 
[*yrTi.{a)]. In fact under the isomorphism 

this scalar product becomes the restriction of the scalar product on forms 



from |3?1 . 



The bilinear form 

(a, b) I — > z/(a U b) 

on H^X) is obviously non-degenerate in the sense that for every a G ff^(X) 
with a 7^ 0, there exists b with z/(a U 6) 7^ 0. If JF has a dense leaf, we have 
H]?{X) = Hjr{X) = M, and there is the following version of Poincare duality: 



4.1 Let JF be an orientable and transversely orientable Riemannian foliation 
of dimension m on the closed manifold X. Assume that has a dense leaf. 
For any isomorphism J : Hj^{X) —>■ M, the bilinear form (a, 6) t-^ j aU b is 
non-degenerate. 

Definition A Kahler foliation (X, J-", h = S — 2iujr) which is also a Rieman- 
nian foliation is called a Kdhler-Riemann foliation. A Riemannian metric on 
X is Kdhler-bundle-like if it is bundle-like and if its restriction to TjF agrees 
with S. 
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A Kahler-Riemann foliation always admits a Kahler-bundle-like metric. Hence, 
given a Kahler-Riemann foliation T on the closed orientable manifold X, we 
obtain a decomposition 

(2) C) = i^f 

p+<j=r 

where if^''^ is the image of l-iFj^iX) under the natural isomorphism. The sub- 
space ifP'^ is closed in Hjr{X, C), and we have HP'I = if"^'^; in this equation, 
the bar denotes complex conjugation. 

In particular, a necessary condition for the existence of a Kahler structure 
on a Riemannian foliation is this: The reduced leafwise cohomology groups 
in odd degree must be of even dimension if they are finite dimensional. 

In particular for Riemannian foliations by (real) surfaces dim H^{X) is even 
if finite since such foliations always carry a Kahler structure: A metric on 
TjF determines an almost complex structure on TjF which is integrable since 
the leaves are 2-dimensional. The associated Kahler form is closed for degree 
reasons. 



Proposition 4.2 H^''' consists of those reduced cohomology classes which 
can be represented by a cocycle contained in A^'^{X). In particular, the 
decomposition (2) only depends on the complex structure J and not on the 
Kahler form. 



Proof Let vr : A'jr{X) — > Ti'^i^X) be the projection according to (1). Since 
the decompositions (1) and A' = 0pq^^''' are orthogonal, it is clear that 
niA^^iX)) = W/{X). 

Therefore, given an element (3 G AF^'^{X) with djrf3 = 0, the cohomology 
class of (3 is also represented by vr(/5), hence is contained in H^''^. The rest of 



4.2 is obvious. □ 



For a Kahler-Riemann foliation of dimension 2g on a closed orientable man- 
ifold X, the results of section ^ and |^ can be translated from forms to coho- 
mology: 

Forming the cup product with the reduced Kahler class [ujjr] g H]r{X) defines 
a real operator L : H^{X, C) H^{X, C) of bidegree (1, 1), and |2]^ yields 
a hard Lefschetz theorem: 
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Proposition 4.3 For r < g, we have an isomorphism 
In particular, [ujj:]^ ^ 0. 



Also, p.4| gives a Hodge index theorem for reduced leafwise cohomology. 

We call a class a G H'^{X, C) primitive if it corresponds to a primitive 
harmonic form a G 7^5^ (X)o under the natural isomorphism 'W.p{X) = 
H^{X,C). For r < g, the class a is primitive iff L^~'^~^^a = 0; for r > g 
there are no non-zero primitive classes. 

Denoting the set of primitive r-classes by P^{X), we have by 
(3) if^(X,C) = 0L^(P;-2^(X)). 

s 

The bilinear form Q introduced in |3.3| yields a bilinear form Q on H'!p{X, C) 
which can be described as follows: Given a, 6 G H^jr{X, C), write a = ^ i^^'a^, 6 
Y2L'^bs according to (3). Then we have 

Q{a,b) = 5^(-l)^+^^(^'+^)/V(L^-'+2^(a, U 6,)) 



where z/ is as in the discussion preceding 4.1 



If has a dense leaf, the non-zero functional u on H'^{X, C) is determined 
up to a constant, and we see that in this case Q is essentially determined by 
the Kahler class [ujjr]. 

The preceeding discussion also holds for the reduced leafwise cohomology 
with real coefficients. 

Let J be the automorphism of H^{X, C) which is multiplication by i^~'^ on 
RP'^. It follows from O that 



(4) T{a,b) =Q{a,Jb) 

defines a scalar product on H^{X,C). 



From 3.3 we also conclude: 
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4.4 Q defines a polarization of weiglit r of the real Hodge structure P^{X). 

Here, we define real Hodge structures and their polarizations as Deligne (0, 
(2.1.5), (2.1.16)) except that we do not require that our vector spaces are 
finite dimensional. 



4.5 In this subsection we generalize a theorem of Serre |TT] on a Kahler 
analogue of the Weil conjectures to our context. So assume that is a 
Kahler-Riemann foliation of complex dimension g with a dense leaf on the 
oriented manifold X. 



Proposition 4.6 Let / : X — > X he a smooth map which maps leaves of T 
holomorphically into leaves. Assume that the induced map f* on H^{X, C) 
satisfies the relation: 

f*M = qM 

for some positive real number q > 0. Then on H^{X, C) we have: 

f* = q^/^Un 

where Un is a unitary endomorphism of H'^[X, C) with respect to the scalar 
product T on cohomology defined by (4)- In particular the spectral values of 
f* have absolute value (pl"^ . 



Proof Define an endomorphism V of the vector space if^(X, C) by setting 
= q-r^nf* in de gree n. Then U is an algebra endomorphism of H^{X, C). 
We know that [ujyr]3 ^ by^]^. Moreover since has a dense leaf, H'^{X, C) 
is one dimensional. Hence U2g = id. Since U commutes with the Lefschetz 
operator L, we find 

Q{Ua,Ub) = Q{a,b) . 

Since /* respects the real structure H'jr{X) of H^{X, C) and since c 
H^'^ it follows that U commutes with J and with complex conjugation. Thus 

T{Ua,Ub) = T{a,b) . 

□ 
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4.7 We now connect the spaces H'^'^ in H^{X,C) to the reduced leafwise 
Dolbeault cohomology groups and make a number of further comments. So 
let !F be as before a Kahler-Riemann fohation on the oriented manifold X 
and fix a Kahler bundle- like metric. Using the equation Ajf = 20^: and 
passing to (p, g)-types in the Hodge decomposition of 

A]r{X) = Ker A*r © imA^ , 

we obtain the orthogonal decomposition: 

A';{X) = Ker © imD^' . 

Since imdjr and imd^ are orthogonal, we get the following Hodge decompo- 
sition: 

^P?(X) = n^'^^X) © ima^^-' © im(a^^+')* . 

In particular the reduced leafwise Dolbeault cohomology H'^{X,Q^) is iso- 
morphic to 7ij?(X) and hence to the subspace H^'^ of H^'^{X, C). 

The Hodge *jF-operator induces an anti-isomorphism: 

Moreover, it follows in the case of a dense leaf that the U-product pairing: 

i?'?(X,fi^) X E^-'i{X,^y) ^ E\X,^%) ^ = H'^^{X) ^ M 
is non-degenerate, a weak version of Serre duality. 
Define the Hodge filtration on H^{X, C) by: 

F' = im (i/"(X, Qf) — > i?"(X, Q'^) = H]r{X, C)) . 
Note here that the complex Q'-p is quasi-isomorphic to Cjr. 

Proposition 4.8 The subspace C H^{X, C) is closed and we have 
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Proof The diagram 



sAj: ' 



is commutative and the vertical arrows are quasi-isomorphisms as follows 
from |1.4| . Here s denotes the associated simple complex of a double complex. 
Thus can be identified with the image of the natural map 



p+q=' 



Its image consists of those cohomology classes that can be represented by 
closed forms of the type: 



apg with 



p+q — n 

p>i 



Passing to the harmonic projections of the apg, we see that every form in the 
image can be represented by a form 

hpg with hpq G A^{X) and dhpq = . 



p+q — n 



Hence 



p>i 



and in particular is a closed subspace, since the if^'^'s are. 



□ 



5 The Lie algebra attached to a Kahler— 
Riemann foliation 

There is a construction due to Looijenga and Lunts |^ attaching a Lie algebra 
to each compact Kahler manifold. We extend this construction to Kahler- 
Riemann foliations; new phenomena can occur because the cohomology may 
be of infinite dimension. 
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In this section we consider only complex Lie algebras. 

Let JF be a 2(7- dimensional Kahler-Riemann foliation of the closed orientable 
manifold X. Let B be the endomorphism of the graded vector space H' : = 
H^{X,C) which is multiplication by (7 — r on H^. For uj G H^, let be 
the endomorphism of H' of degree 2 given by = xUu. By A^jf(X) we 

denote the non-empty set of all those u G for which is an isomorphism 
of onto H^+'' for all A; > 0. 

5.1 For UJ G /Cjr(X), there exists a uniquely determined endomorphism A^^ 
of H' of degree —2 such that 

Proof As observed in [^], the assertion follows from the Jacobson-Morozov 
lemma in the finite dimensional case. The general case can be easily deduced. 

□ 

The two elements L^^ and A^^ generate a Lie subalgebra of End {H') isomor- 
phic to 5 [2. 

Let Q = q{J^) be the Lie algebra generated by all the and A^ with uj G 
}Cjr[X). If dimH' < 00 then H' is an ff^-Lefschetz-module in the sense of 
0, that is, Q is semisimple. 

Of course, one can consider the even and the odd parts of H' separately: Let 
/Ceven be the set of all u G with the following property: For all k with 
k = g{ mod 2), is an isomorphism of H^~'' onto H^^^. For uj G /Ceven? there 
is an associated endomorphism A^^ of ffc™"^. Let fleven be the Lie subalgebra 
of End (i/'^™'^) generated by the and A^^ with uj G /Ccvcn- Similarly, one 
can define 0odd- 

As an example, let us determine the Lie algebra geven in the case that g = 2 
and that JF has a dense leaf. In this situation, = C and we can choose an 
isomorphism m 1— > J u of onto C. We obtain a symmetric bilinear form 



17 



on H"""'' by 

if\H''xH'' = if k + h^A 



J uv if u e H\v e H\ 



ip{u, v) = — J uv if M, f G if^ . 



Let so(if®™'^, 9?) be the Lie algebra of all endomorphisms A of if*^™" with 

ip{Au, v) + ip{u, Av) = 

for all u, V e and let S0fin(ii'^™'', be the Lie subalgebra of so(i/^™", (^) 

consisting of all endomorphisms of finite rank. 

Theorem 5.2 If g = 2 and if has a dense leaf, we have 

Seven = SOfin(-f/'''™'', '-f) ■ 

// dim f/'*^™'^ = oo, this is a simple Lie algebra. 

Proof Let us abbreviate 50fin(-f^'^^'^'^, V^) by q. In our situation, 

^even = {c^ G i?^ | ^ V 0} • 

For UJ G /Ceven, the homomorphism : H'^ is given by K^^iuj'^) = 2uj, 

and 

: H"^ = C-uj®keTL^ — > 

is given by 

A^(w) = 2 , 

ker(A^ | H^) = ker(L^ | H"^) . 
Since L^^ and A^^ have rank 2 on and since obviously 

L^,A^G50(i^^^^^¥.), 
we see that 0even ^ 0- Now observe the following three points, 



using for (a): 
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(a) Given a finite dimensional subspace U of H' , tliere exists a finite dimen- 
sional subspace W of H' containing U such that the restriction of (p to 

X ly is non-degenerate. 

(b) If ly is a finite dimensional subspace of H' such that ipw is non-degenerate, 
there is a decomposition H' = W ® W-^ where W-^ is formed with respect 
to ip. Let 

Qw-={AeQ\ A{W) C and A I PF^ = 0} . 

Then is a Lie subalgebra of q which is isomorphic to so{W, (pw)- 

(c) For A & Q and a finite dimensional subspace W of H' containing imA 
and such that (pw is non-degenerate, we have A G Qw- 

To see that q C fleven, consider an element A E Q and choose a finite dimen- 
sional subspace W such that y^vi/ is non-degenerate and A G Qw- We may 
assume that W is of the form W = ^W^ ® with c ff2 r^j^^^ 
is a graded algebra, and it is clear (cf. P, the beginning of section 4) that 
the Lie algebra attached to it is so{W, (pw)- Hence A G Seven- 

To see that g is simple if dim if* = oo, assume that there is a proper ideal 
a of 0. Take elements A e a, A 0, and C e Q,C ^ a. Let W he & 
finite dimensional subspace of H' containing imA and imC such that ipw 
is non-degenerate. Then A,C E Qw Hence a fl Qw is a proper ideal in 
Qw Assuming that dimVT > 4, the Lie algebra Qw is simple. This is a 
contradiction. □ 

Remark 5.3 If there is no dense leaf, the situation looks quite different: For 
example, let X = 5*^ x 5*^ with leaves {a} x S^. Then 

considered as a complex Lie algebra. It has very many ideals. 

Even if there is a dense leaf and if (7 > 3, it is not likely that is always 
a finite product of simple Lie algebras. 
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6 Examples of Kahler— Riemann foliations 

In this section we consider a class of examples that were suggested to us by 
E. Ghys. We begin with the following general setup which will be specialized 
to our needs later. 

Let G be a real Lie group with a discrete subgroup T and a compact connected 
subgroup K such that F operates freely on the manifold S = G/K. Then 
X = r \ S" is a manifold as well. Consider a connected normal sub Lie group 
Gi of G. Then i^i = Gi fl if is a compact normal subgroup of K. 

The orbits of the left Gi-operation on 5* define a foliation JF^ on S of dimen- 
sion diTsiGi/ Ki. This follows because the isotropy groups 

{G^)gK = gKg~' n Gi = gK^g-' 

all have the same dimension, Gi being normal in G, L12 iii). The F- 
operation on S carries leaves of J-'s into leaves: 

-f{GigK) = G.jgK , 

again since Gi is normal. Thus J^s descends to a foliation on X with leaves 

TGigK = TgGiK . 

The space of leaves on X is therefore: 

(5) X/J^ = F \ G/GiK . 
There are natural isomorphisms of vector bundles on S: 

(6) G Xk g/t^TS and G Xk Q^/t^ ^ TJ^s , 

where K acts via Ad on 0/6 and Qi/ti- They are given by mapping [g,u] to 
{TeLg){u) where Lg denotes left multiplication with g on S and u G g/i = 
T^iG/K) resp. 

u e gi/h = T^iGjK^) = T^{G,K/K) = T-,Ts ■ 
The isomorphisms (6) are left G-equivariant and hence induce isomorphisms 

(7) {T\G)xKg/i^TX and {T \G) Xj, gi/ti ^ . 
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Prom (7) we get isomorphisms 

r{X,TX) ^C^{r\G,Q/t)^ and r(X, TJ^) ^ C°°(r \ G, fli/fii)^ . 

If Ja is the i^-invariant function corresponding to the vector field A then we 
have explicitely: 

fA{rgk-') = Ad{k)Uirg) for all keK,geG. 

The map 

c°"(r \ G, Qf — . c~(r \ G, Q/tf 

has a section since K is compact. Hence Ja can be hfted to a invariant 
function : F \ G ^ 0. Under the isomorphism 

(r\G)xg^T{r\G) 

the function Ja corresponds to a vector field A onT \G. In these terms we 
have the formula 

(8) f[A,B]{^9) = A{fB){rg) - B{fA){rg) + [^(r^), fnim mod t . 

Choose any K-invariant scalar product ( , ) on g/t. Via (7) it induces a 
Riemannian metric g on TX such that: 

g{A,B)rgK^{fA{rg),fB{rg)). 
The following assertion must be well known: 

Proposition 6.1 The Riemannian metric g is bundle-like for T . In 'partic- 
ular T is Riemannian. 

Proof We have the X-invariant decomposition: 

Q/t = + © V 

where V is the orthogonal complement of (fli + 
It induces a X-invariant decomposition: 

(9) d={Qi + i)®V 
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where we have identified V with its image in 

A vector field A on X is orthogonal to TJF if and only if takes values in 
V. In this case J'a takes values in V as well. 

Now assume in addition that A normalizes TjF. Then for every B G r(X, TjF) 
the function f[A,B] takes values in Qi + t/t. Since fs takes values in Qi, by 
formula (8) this means that B{fA) takes values in gi + t. On the other hand, 
since /a is l^-valued, B{fA) is l^-valued as well, so that -B(/a) = for all 
B. This means that J'a is constant on the foliation of F \ G by the cosets of 
GiK. Thus Ja and hence J'a is a V-valued function on F \ G/GiK = XjT . 

Therefore if Ax^A^ are two vector fields orthogonal to TT and normalizing 
TT it follows that 

g{Ax,A2) = ifAjB) 
is a basic function. Thus g is bundle like. □ 

Let C*(g, K, V) be the complex calculating (g, _ft')-cohomology of V c.f. I 
§5. 

Using (7) we have natural topological isomorphisms: 

F(X, APT*J^® C) 
C°°(F\G',AP(gi/Bi)*®C) 
Homx(A^(gi/!i),C°^(F\G)) 
Cf(gi,iri,C°°(F\G'))^/^^ . 

One checks that we get a topological isomorphism of complexes 

A'AX) = C"(gi, i^i, C°^(F \ . 

Since K/Ki is a compact group, it follows from this that 

(10) H'AX, C) = H'iQx, K,, C~(F \ G))^/^^ . 

If F \ G is compact it carries a unique invariant probability measure. We 
have the decomposition 

L'{T\G) = ^H{7r) 

Tree? 
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of the "right regular" representation of G on the complex L^-space of F \ G 
into isotypic components H{t:). Here tt runs over the unitary dual G olG. 

To state the next result let us introduce the following notation. For a topo- 
logical vector space H and linear subspaces C H the equation 

i 

by definition means the following: 

i) The algebraic direct sum if j is a dense subspace of H. 

i 

ii) Every element of H can be written as an unconditionally convergent series 
hi with hi e Hi. 

Let H{7r)°° be the subspace of smooth vectors in H{'k). 

Proposition 6.2 IfV\G is compact we have 

H'iQu K,, C^{T \ G)) = 0i?*(0i, H{7rr) . 

TreG 

Proof A sequence {Ei)i>i of non-trivial linear subspaces of a Frechet space 
E is called a Schauder basis of subspaces of E if the following conditions 
hold: 

a) Every element v E E can be written uniquely as a convergent series 
^ = Zli^i with Vi e Ei. 

b) The projections E Ei,v Vi resulting from a) are continuous. 

If the series in a) converge unconditionally the basis (Ei) is called uncondi- 
tional. 

The proof of the following auxiliary result is straightforeward and will be 
omitted. 

Lemma 6.2.1 Let C* be a complex of Frechet spaces with continuous differ- 
entials. Consider closed subcomplexes C* C C' for i > 1 such that for every 
p the sequence (Cf)j>i is an unconditional Schauder basis of subspaces ofG^. 
Then we have: 

HP{G') = 0iy^'(c;) . 

i>i 
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Using the Sobolev embedding lemma one checks that the subspaces iJ(7r)°° 
of C~(r\G) = L2(r\G)~ with H{ti)^ ^ form an unconditional Schauder 
basis of subspaces of C°°(r \ G). 

Consequently the sub complexes 

C*(0i,i^i,if(7r)-)^/^^ 

of C*(gi, Ki, C°°(r \ G))^/^"^ satisfy the assumptions of the lemma and the 
assertion of follows. □ 

In order to get Kahler-Riemann foliations in the above setting we assume 
that Gi/Ki is a bounded symmetric space. If Gi is semisimple then the 
condition that Gi be normal in G implies that g decomposes into a product 
= 01 X 02- Hence we consider from now on the following setup: 
G = Gi X G2 where Gi is a connected reductive Lie group in the sense of 

0.3.1 with compact center. G2 is any Lie group. 
K = Ki X K2 where Ki is a maximal compact subgroup of Gi and K2 is 
a compact subgroup of G2- 

Let be the Cartan involution associated to Ki. We have the iiTi-invariant 
Cartan decomposition 

01 = © pi where pi = {x G | 6(x) = -x} . 

We assume that Gi/Ki carries an invariant complex structure. There is then 
an element zq in the center of fii such that J = ad^o |pi defines a complex 
structure on p which is invariant under Ki. Hence J induces an almost 
complex structure of Gi/Ki which agrees with the given invariant complex 
structure. The complexification of pi decomposes into the ±2-eigenspaces of 
J: 

pic = p^©pr ■ 

Let r be a cocompact lattice in G which acts without fixed points on G/K. 
Then 

X = r \ G/K = r \ d X G2/K1 X K2 

is a compact manifold. The Riemannian foliation JF is given by the images 
of Gi/Ki X {g2K} for g2K G G2/K2 under the natural projection to X. 
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As zq is also in the center of 6 D 61, it follows that the complex structure J on 
pi is i^"-invariant. Using (7), J therefore defines an almost complex structure 
on JF. Let ( , ) be any i^'-invariant scalar product on g/fi = pi © 92/62 and 
denote by g the corresponding bundle-like metric on TX, proposition |6.1| . 

Proposition 6.3 J defines a complex structure on T . The metric g is 
Kdhler-hundle like. In particular is a Kdhler-Riemann foliation. 

Proof The leaves of are isomorphic as almost complex manifolds to 
Fi \Gi/Ki where Fi is a discrete subgroup of Gi which acts without fixed 
points on Gi/Ki. It can depend on the leaf in question. Since Fi \Gi/Ki is 
a complex manifold, the first assertion follows. 

As ( , ) is i^i-invariant, and zq is in the center of 61 it follows that 

g{Jv,w) + g{v,Jw) = . 

Hence setting: 

h{v, w) = g{v, w) + ig{v, Jw) for v,w ^ T^T 
we get a hermitian metric on T'^T . The associated 2-form along T: 

is closed: Its pullback ujr^ to G/K is G-invariant by construction. Hence 
the restrictions of ujr^ to the leaves of J-'s i.e. to Gi/Ki x {(72-^^2} are left 
Gi-invariant hence closed by a result of E. Cartan. Thus djr^ujjr^ = and 
therefore djrujyr = 0. □ 

We will now describe the Hodge structure on the reduced leafwise cohomol- 
ogy of in terms of the Hodge structure on certain relative Lie algebra 
cohomologies. 

Specializing proposition |6.2| and the isomorphisms (10) to the present context 
we find: 

H'AX,C) = ^H'{Qi,K^, Hirer''-) . 

TreG 
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Now as G-representations 



where is a fixed representative in the class tt and where M^ p is the finite 
dimensional multiplicity space, i.e. 

M.,r = HomG(V;,L2(r\G)) . 
Now since G = Gi x we can take = K-i®K-2 if ti" = (tti, 7r2) and hence 

■'i"l,7r2 

We now assume for simplicity that G2 is also reductive and that K2 is max- 
imal compact in G2. A unitary irreducible representation of a reductive 
group is admissible by a theorem of Harish- Chandra. In particular and 
H'{qi,Ki, V^) are then (clearly) finite-dimensional, so that we get: 

H'^iX, C) = 0M.,r ® ^'(01, K,, ® . 

Here we have also used that Vj^^ consists of smooth vectors. It is clear that 
in the relative Lie algebra cohomology we can replace by 

K„o = Cn(KJ(i.o 

the intersection being taken with the space (V^7ri)(_ft:) of i^^i-finite vectors in 
VJrj. Then K-^ q is a unitary admissible (g, ii')-module in the sense of 
II.2.1. 

We now assume the following about our i^'-invariant scalar product ( , ) on 
g/t = pi © 02/^2 in order to use results of 0: Fix a Gi- and 6-invariant 
non-degenerate symmetric form B on Qi whose restrictions to 61 resp. pi are 
negative resp. positive definite. Choose ( , ) such that on pi it agrees with 
B. We define the Casimir element C G ii(0i) as in p| II. 1.3 using B. It 
follows from II. 3.1 that 

if(fli,iri,Ki,o) = G*(0i,iri,K„o) = HomK,(A*pi,K„o) 

if the central character Xm is trivial and if the Casimir element C acts trivially 
on Ki,o- 
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If one of these conditions is not satisfied, the representation V^^ o has no 
cohomology: 



See 1 12 1 for a classification of representations with non-zero cohomology. 



Until now we have therefore seen the following fact: 

Theorem 6.4 Under the above conditions we have: 

H'^iX, C) = 0M^,r ® Hom^,(A-pi, K^o) ® V^f . 

Here the sum runs over tti G G'i,vr2 G G2 s.t. Xiri = l,d7ii{C) = and 

v;f^ ^ 0. 

Note that this result generalizes VII Cor. 3.4 which treats the case G2 = 1, 
a result essentially due to Matsushima. 

The Hodge decomposition of H^{X, C) can now be described using repre- 
sentation theory. 



Theorem 6.5 Under the isomorphism in theorem 6.4 we have 



HP1 = 0ii/4,r ® Hom;,,(APp+ ® A^p^, K^.o) ® V^f 

71 

with TTi, 712 as in 



Proof The assertion is a consequence of the following: 

• The Laplacian Aj^ on A'jr{X) is identified via the isomorphism 

= 0M^,r®CP(0i,iri,K„o)®V;f 
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with the operator 



0id® A.,®v;f^ . 



Here is the Laplace operator introduced in II § 2. 
• The isomorphism: 

= Hom^,(AV® A^pr,C°°(r\G)^^) 
= M,,r ® Hom^, (A^pt ® A^pr , Ki,o) ® K 



K2 
7r2 



together with proposition 4.2. 



□ 



One can also describe the Lefschetz operator in representation theoretic terms 



under the isomorphism of theorem 6.4 
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